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F ′i = −αiFi −
∑
j<i gij(Fj + Bj)Fi +
∑
j>i gij(Fj + Bj)Fi,
B′i = αiBi +
∑
j<i gij(Fj + Bj)Bi −
∑
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F ′i = −αiFi +
∑n
j=1 Gij(Fj + Bj)Fi
B′i = αiBi −
∑n
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i = 1, . . . , n.
2Ji± lP7
wR«kC|duxwwgiqvk^uyt{*wyu:k¶Aqªw]qrq{|NwkCk^wyq{|wz}|izwyqr$kIwguwwygiknwyk$jgu§kC«k$ut­j@uwgikCjuxwqv$ut
q{|\«xuyqru|NwyC±8ﬃq{j@~itrk$utr$sitvuxwqrz|*gizx¨",q{|  k$k  wyguxw







































¹ºz |i − j| > 1 ¶ G˜ii = 0 ¹ºz i = 1, . . . , n ¶ G˜i,i+1 = −σ ¹ºz: i = 1, . . . , n − 1 u|  G˜i+1,i = σ ¹ºz:
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G(F, F ) −G(F, B)
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{H, K} = −{K, H} 2J®:k$¨¯å\j@j@kwy 7{{H, K}, Q}+ {{K, Q}, H}+ {{Q, H}, K} = 0 2Nu$z¸iq<q  k$|Nwq{w 7










m ≥ 1   Aαβ VXA
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Aαδ(Y ) = AβσAβδYβYδYσ + AβσAσδYβYδYσ
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Fi −Bi + ai log Fi
)
¹ºz
Y = (F, B).
2Ò±Þ7
¦ |  k$k  ¶i¨,kIkCk§wyguxw"¨,k gu4«k
∇Ha(Y ) = (1 + a1/F1, . . . , 1 + an/Fn,−1, . . . ,−1)T .
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i = 1, . . . , n
   ∑n








aT G = 0
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i = 1, . . . , n
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i=1 ai log Fi
¶wygik$|*¨,k]gAu4«k












1 ≤ α ≤ n,
(aT G)α−nBα
q{¹
n + 1 ≤ α ≤ 2n,
u|





αi 6= 0 ± 
iz:qr«k$| i ¨,kIzj@~isiwk wgAuxw
F ′i Bi = −αiFiBi +
∑n
j=1 Gij(Fj + Bj)FiBi
u|

B′iFi = αiBiFi −
∑n
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ci = FiBi
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i = 1, . . . , n.
2ºlA±95=7

















































ui(L) = − 12 log RLi
¹ºz:
i = 1, . . . , 0
u|
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y′ = A(y)∇H(y) $u| ¸Ak
t{z$ut{tr¨yqªwwkC|*u:u@wk$j z¹+wgik ¹ºz:j
























































































R11 R12 · · · R1m
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QT Q = I
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 zx¨I¶iq{|Ak
G


































































































IK M8I !Z\I PWJi "-eV9
(F, B) 7→ (v, c) ` I _ v = M−1u  
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αi 6= 0 7/¶L¨,k*kCk}wyguxw¨,k
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~iz:¸itrk$j ¨q{wg*¸6zsi|  uyﬂz:|  q{wqrz|2Òl±Þ4¯Âl± x¯Âl± lﬀ72z:|ﬂwygikkw { (u, c) ∈ R2n | ci > 0 } ±
²k}¨q{trt,|izx¨ wys  µwgiqvntru:wQ~iz:¸itrk$j)q{|Vk$«:k$utLwkC~C± 
+q{wz¹ut{t>¶8¨%k}|izwykwgik~iykCk$|$kz¹
wgik@qr|igizj@z:k$|k$zsA¸6zsi|  uyZz|  qªwyq{z:|
u1(0) = log P/
√
c1
 k$~6k$|  q{|i*z:|
c1
¨giqrt{kQwgkQzwgikCy uk
q{|  k$~6k$|  kC|NwLz¹Awgik"$zNkEqrk$|Nwy
ci
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nG¨%kws  M©wwgik~iyz¸t{kCj 2ºlA± x¯>lA± ¯>lA± lP7"¸sw
¨qªwyg uDYqrqvgitrkw@z|  qªwyq{z:|Vz:|
u1(0)







gizj@z:k$|ikCqªw@ykCu:z:|X7±+fgqr~iyz¸t{kCj qrws  q{k  qr|ﬂwygik |ik\w"kC/wyq{z:|X±§|k]¨,k§~iyzx«k  kqvwyk$|$kIu| 
si|iqv·:sk$|ik^§k^stªw§¹ºz"wygiqv§~z:¸it{kCj ¹ºz: R j@ut{tfS «xutrsik^z¹2wgikn¸Az:si|  u*z:|  q{wqrz|C¶<¨%kIwygik$|qr«kqr|
k^/wqrz|ﬂu|kqvwyk$|$knu|  si|iqv·Nsik$|ik^]ykCsit{w¹ºz§wgknqr|iq{wqvut8~iyz¸itrk$j ¨q{wgMwygikQ¸Az:si|  uZz:|  q{wqrz|
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ui(L) = − 12 log RLi
¹ºz
i = 1, . . . , n
u|
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i = 1, . . . , n
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cj‖ coshuj‖1 = − 12 log RLi − 12 log R0i + αiL,
2d;± lﬀ7
²k  k$©|ik wygikI«k^/wz:
µ ∈ Rn ¸\
µi = − 12 log RLi − 12 log R0i + αiL
¹ºz




q = G−1µ ∈ Rn ±RfgikIk^·Nsuxwyq{z:|U2O;i± lP7%wgikC|*¨q{wk^
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β ∈ Rn   A V\04!NMO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i = 1, . . . , n

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βi = −αi ¶ v0i = 12 log R0i
¹ºz:
































a "\ZMf0W  n\4Vc
µi = − 12 log RLi − 12 log R0i + αiL
iN

















i = 1, . . . , n



















i = 1, . . . , n.
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-Mde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-M   Tm ﬀﬀX	 -Mdn
²kZ¨qrtrt  qrysA@tvuxwyk$QwgikM$z|  qªwyq{z:| 2d;±  W7Qu|  gizx¨ wgAuxwq{w@qvyuxwqv©k  q{| $u:k^Qz¹ ~iyu:/wyqrCut
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qv  k©A|ik  ¸\
Φ(v)i(x) = v
0


















v ∈ (L∞)n ¶i¨,kkCk§wyguxw§gu4«k
¹ºz"utrt















z8wgkwu|  u  qr|©|iq{w|zyj¹ºz2«:kCwzRu|  juxwyq{
q{|
R








j = 1, . . . , n





i = 1, . . . , n
¶ ∣∣∣∣dΦ(v)i(x)dx
∣∣∣∣ ≤ |βi|+ 1L
n∑
j=1



















































































|Φ(u)i(x) − Φ(v)i(x)| ≤ 2
n∑
j=1
|Aij |‖ coshuj − cosh vj‖L∞ ,
¹ºz"utrt










≤ M u|  ‖v‖
∞
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qv]u}z:|:wyq{|\siz:s]z:t{swyq{z:|Mz¹2d;± N7§u|  ¨%kQkCkn¸\*q{|  s/wyq{z:|Mwyguxw
v ∈ C∞(0, L) ± fgqr gizx¨"
wgikI~iyz~6z:q{wqrz|X±
ﬂ¼ 
 £¢     ¦ | wygik}Cuk¨gik$yk
βi = 0
¶wygik*wk$j 2d;± N7 qvqr|\«xuyqru|:wn¸N´y$ut{qr|iMz¹wgik}q{|NwkC«xut
[0, L]
± ¦ |  kCk  ¶+¨,kkCknwyguxwnqª¹wgk@¹ºsi|/wyq{z:|
vi
¶





y 7→ vi(Ly) uyk]ztrswyq{z:|z¹wgikIyuj@k§k^·Nsuxwyq{z:|}z:| (0, 1) 2º¨q{wgwygik L1 |izyj z| (0, 1) ±
fgiqr"qrk^uq{trﬂk$k$|¸\ﬂgu|ik z¹+«xuyqru¸it{k:±











































































Ä%k$¹ºzyk~iyzx«\q{|wgqr,ykCsitªw^¶\¨%k gzx¨ gizx¨ qªw\qrk$t
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µi = − 12 log RLi − 12 log R0i + αiL
¹ºz:










Ωδ = { R0i , RLi , αi ∈ R3n | |R0i − 1| < δ, |RLi − 1| < δ
u|



















i = 1, . . . , n
7/± vq{|i ŁRyz~6z:q{wqrz|);i± l ¨q{wg
βi = −αi ¶ v0i = 12 log R0i
¹ºz

































∀ i = 1, . . . , n qi > 0
` I _
q = G−1µ
`bMI ∀ i = 1, . . . , n µi = − 12 log RLi − 12 log R0i + αiL,
MIKDMIK0
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i (x) = 0
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β = 0
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Uδ := { (R0j )nj=2, (RLi , αi)ni=1 | |R0j − 1| < 1, |R0i − 1| < 1,
u|
 |αi| < δ }. 2Ò± W7
²kk$w




1 , . . . , R
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Rin ∈ [1, 1 + δ] 
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qj(Rin, X) > 0
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M(δ) → 0 ¶ ρ(δ) → 0 u δ → 0 ¶iu|  sg}wgAuxw
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u = Φ(u, R)
 
















X ∈ Uδ yuxwqv¹ºNqr|i?2Ò± ﬀ7± 






















α1 ≥ 0 ¶Lu|  wygik$z\kEqrk$|Nwy G1j ≤ 0 ¹ºz j = 2, . . . , n ¶R¨,k}gu4«:k
u′1(x) ≤ 0
¹ºz
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6  ,l	IK-Mde  Nj ,c-M   Tm ﬀﬀX	 -Mdn
fgNsA$¶¨,kz:jQ~swk]wgAuxw"q{¹
R ∈ [1, 1 + δ] ¨,k]gAu4«k
g(R) ≤ L
2P 2(2 + δ)2
q1(X)2(1 + δ)
.
v"|  kCwgkz|  qªwyq{z:|D2Ji± lﬀ7¶¨%kIk$k wgAuxw














)2 ≤ 4(1 + δ)2
u|  wg\s
g(R) ≤ 1 + δ
¹ºz
0 < δ < δ0
u| 

































u = Φ(u, R)
u|





≤ M(δ) u|  ‖u˜‖
∞
≤ M(δ) ¶wg\s¨,k gu4«k
|g(R)− g(R˜)| ≤ 4L
2P 2
q1(X)2












































= ‖Φ(u, R)− Φ(u˜, R˜)‖
∞
≤ ‖Φ(u, R)− Φ(u˜, R)‖
∞
+ ‖Φ(u˜, R)− Φ(u˜, R˜)‖
∞






≤ | log R− log R˜ |+ 2
n∑
j=2


























































¶¨%k gu4«:k | log R− log R˜ | ≤ |R− R˜ | ±Rfg\s¨,k kwwygikIykCsitªw^±
²k§z|Atrs  kwgqr%k^/wqrz|¸\Qgizx¨qr|i]wgAuxwRwygikz:|  q{wqrz|A2d;±  W78u|  2Ji± W72ukyuxwyqr©k  qr|u|q  kCut
q{wsuwqrz|*¨gikCk
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∀ i = 2, . . . , n, R0i = 0
















j = 1, . . . , n
	




















i = 2, . . . , n − 1 ¶ µ1 =
− 12 log Rin
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i=1 ai log Fi
qr"u|}qr|\«xuyqru|:wz¹+wgk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log Fi(L)− log Fi(0) = ui(L)− ui(0).
¦ |kCwyq{|nwygikI¸6zsi|  uyﬂz:|  q{wqrz|2Òl± W7,u|  2ºlA± lP7,q{| 2>±95=7,¨%kIk$k]wgAuxw
n∑
i=1
ai (ui(L)− ui(0) + αiL) = 0.
¦ ¹+¨,kIsi~~AzNk]wgAuxw
a1 6= 0 ¶\wgikI~iyk$«\qrzsyk$tvuxwyq{z:|ﬂqrj@~it{qrkCwguw





(ui(L)− ui(0) + αiL) , 2>± W7
u|  wg\sC¶iu
u1(0) = log P − log√c1 ¶i¨,k§©A| 
log
√































































i = 1, . . . , n
¶









µi = ui(L)− ui(0) + αiL u|  qi = 2√ci‖ coshui‖1
¹ºz:

















































q = q0 + λb
¨gik$yk
λ ∈ R ± 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aT G = 0
































i = 1, . . . , n
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X ∈ Uδ  
#
-jKZ\IM8I NM
∀λ ∈ [0, δ], q0i (X) + λbi > 0
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δ0 > 0










M(δ) → 0 Nn ρ(δ) → 0 
 δ → 0  ,
-jKZ\I M8I NM]i N δ < δ0   i X ∈ Uδ M8I 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|g(λ) − g(λ˜)| ≤ 2√
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0 −5.354693 −0.833641 −0.165746 −0.001215
5.109551 0 −5.091333 −0.800871 −0.246770
0.757437 4.847864 0 −4.883841 −0.694188
0.143011 0.724173 4.637914 0 −3.546259


























0.388799 0 0 0 0
0 0.346712 0 0 0
0 0 0.296873 0 0
0 0 0 0.252234 0











































































































































Rin ' 43.708504 ± 
+q{|ut{tr¶2¨,k}$z|q  k$wgik*$u:k}¨gik$yk n = 5 ±²µk













































































Linear Convergence of the algorithm
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Solution F and B for P = 5, n = 4
x in the fiber
F1 F4 
B1 B4 












Solution F and B for P = 5, n = 5




















λ ' 242.0841567 ±
ﬁ   " ﬃ4*  
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